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Abstract

We give a sufficient condition for a lightlike isotropic submanifalfi of dimensiorv, which
is not totally geodesic in a semi-Riemannian manifold of constant curvatanel of dimension
n+ p(n < p), to admit a reduction of codimension. We show that this condition is a necessary and
sufficient condition on the first transversal spac@fThere are basic and non-trivial differences
from the Riemannian case, as developed by Dajczer et al. [Mathematics Lectures Series, Vol. 13,
1990], due to the degenerate metric &n This result extends in some sense, the one in [J. Diff.
Geom. 5(1971) 333; Topology 25 (4) (1986) 541; Mathematics Lectures Series, Vol. 13, 1990] to
lightlike isotropic submanifolds. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

A natural generalization of the pioneering work by Gauss in differential geometry was
the study of submanifoldg : M" — R**?, of arbitrary codimensiop immersed into
Euclidean(n + p)-spaces. An extensive work has been devoted to these submanifolds and
many results are now referred to as classical ones on their geometrical structure. Mainly
the case in which the induced metrics &hare non-degenerate are examined for instance
in [3,5—7] and references therein.
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In a recent past, the growing importance of lightlike submanifolds in global Lorentzian
geometry and their use in general relativity, motivated the study of degenerated submanifolds
in a semi-Riemannian manifold. Due to the degeneracy of the metric, basic differences occur
between the study of lightlike submanifolds and the classical theory of Riemannian as well
as semi-Riemannian submanifolds [4,9,11].

In a point of view of physics, the idea that the universe we live in can be repre-
sented as a four-dimensional hypersurface embedded(4dh+ad)-dimensional space—
time manifold has attracted the attention of many physicists. The embedding of exact
solutions of Einstein equations into higher dimensional semi-Euclidean space can give
a more adequate picture and a better understanding of their intrinsic geometry.
Higher dimensional semi-Euclidean spaces should provide theoretical framework in which
the fundamental laws of physics may appear to be unified, as in the Kaluza—Klein
scheme, which takes into account the mutual interaction between matter and metric
[9,10].

From the point of view of mathematics, methods and results of submanifolds study in
differential geometry might be revisited with a greater interest to the context of degeneracy.
Sometimes they drastically change from non-degenerate metric case to the degenerate metric
one. As far as we know a few literature is available on the theory of lightlike submanifolds in
semi-Riemannian manifolds. The basic work seems to be the series by Duggal and Bejancu
[4] and also Kupeli [8].

In this paper, generalizing earlier results in [1-3], we give sufficient condition for a
lightlike isotropic submanifold of dimensiom, which is not totally geodesic in a semi-
Riemannian manifold of constant curvaturand of dimensiom + p(n < p), to admit a
reduction of codimension, i.e. to be immersed int@an ¢)-dimensional totally geodesic
submanifold of constant curvature, wigh< p. Our main results stand as follows.

Theorem 1. Letf : M" — M!"? be an isometric immersion of an isotropic submanifold
(M, g, S(TMY)) into a complete and simply connected semi-Riemannian manifold with
constant sectional curvature(:MfJ”’ , ). Suppose that

1. The transversal connectiov' on M" is metric
2. There exists a screen transversal subbundle B@M~) of constant rank; (¢ < p),
parallel w.r.t. the connectioiws on S(TM™Y), such that

Ti(x) C P(x) VxeM,

whereT1(x) is the first transversal space of fate M.

Then the codimension of f can be reduced.to q

The isometric immersiory is said to be 1-regular if the dimension of the transversal
space is constant alord, and this notion is independent of the metricddf In this case,
the substantial codimension [3, p. 54], or the embedding clag4 {8,11] is the lowest
value ofg. We show that the substantial codimensiof is equal to the rank of its first
transversal spach (x) when the latter is of constant rapion M". We have the following
theorem.
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Theorem 2. Let (M", g, §(TM¢)) be an isometric immersion of an isotropic non-totally
geodesic submanifold i’ " (n < p). Then the subbundl&, is parallel w.rt. the con-
nectionVs on S(TM-).

The paper is organized as followed. In Section 1, we summarize notations and basic
formulas concerning geometric objects on lightlike submanifolds, using notations of [4].
Section 2 gives the set up necessary for the proof of the theorems and Section 3 gives the
proofs. Appendix A shows a motivating example to illustrate the purpose of the paper.

2. Preliminaries and basic facts
2.1. The general set up

The fundamental difference between the theory of lightlike (or degenerate) submani-
folds (M", g), and the classical theory of submanifolds of a semi-Riemannian manifold
(M"*P | g) comes from the fact that in the first case, the normal vector burdte inter-
sects with the tangent bundléM in a non-zero subbundle, denoted IREMI), so that

RadTM) = TMN TM* # {0}. (1)
Given aninteger > 0, the submanifold/ is said to be--lightlike if rank(Rad TM)) = r
everywhere.
An orthogonal complementary vector subbundle of &) in TM is a non-degenerate

subbundle offM called a screen distribution o\ and denoted’(TM). We have the fol-
lowing splitting into an orthogonal direct sum:

T™ = S(TM) L RadTM). @)

From Eq. (1), we can consider a complementary vector subbuit@id") of Rad TM) in
TM*L. Itis also a non-degenerate subbundle with respect to the ngetind we have

TM* = RadTM) L S(TM%Y). (3)

The subbundles(TML) is a screen transversal vector bundlélpf The subbundles (TM)
being non-degenerate, so(i$(TM))+ and the following holds:

TM|y = S(TM) L (S(TM))*. (4)
Note thatS(TM™) is a subbundle ofS(TM)). and, since both are non-degenerate, we have
(STM)*- = STMY) L (STMH)™. (5)

One frequently denotes a lightlike submanifaitiby (M, S(TM), S(TM1)) to refer to the
above subbundles.

In fact, RadTM) is a subbundle ofS(TM+))~. Let Itr(TM) denote its complementary
vector bundle inS(TM1))+. One has

(S(TMH)t = RadTM) @ Itr (TM).
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The subbundle ITM) is called a lightlike transversal vector bundleMf The subbundle
tr(TM) defined by

tr(TM) = Itr(TM) L S(TM+)

is called a transversal vector bundledfand plays an important role in the study of the
geometry of lightlike submanifolds. We always havéTi) N TML # tr(TM). That is
tr(TM) is never orthogonal t®M. From now on, given a vector bundig we denotd™ (E)
the space of smooth sectionsiof

Summarizing the above statements, we have the following decomposition:

TM|y = TM® tr(TM) = S(TM) L S(TMY) L (RadTM) & Itr (TM)), (6)

which gives rise to a local quasi-orthonormal field of framesalongM (see [4]) denoted
by (&, Ni, X4, Wy), Where

1. {¢&} and{N;},i € {1,...,r} are lightlike basis of"(RadTM)|;,) and I" (Itr (TM)|z,),
respectively,

2. {X,},a e{r+1,...,m}is an orthonormal basis df (S(TM)|z,),

3. {(Wy},« € {r +1,...,n} an orthonormal basis df (S(TM)|z/),

relative to a coordinate neighborhotdc M.
A lightlike submanifold is said to bisotropicif Rad(TM) = TM. In this case, we deduce
from (2) thatS(TM) = {0}. This requires that < p and the formula (6) reduces to

TM|y = TM@ tr(TM) = S(TMY) L (RadTM) & Itr (TM)). (7
In the sequel, the lightlike submanifoM is supposed to be isotropic.
2.2. Induced connections

Let V denoted the Levi-Civita connection dd andV the induced connection oM.

ForallX,Y e I'(TM), andV e I"(tr(TM)), we deduce from (7) that

VxY = VxY +h'(X,Y) + hS(X,Y) (8)
and

VxV =—AyX 4+ DYV + DSV, )

whereh! and kS are I (Itr (TM))-valued, andl" (S(TM+))-valued, respectively. They are
called the lightlike and the screen second fundamental form$,aEspectively. As usual,
Ay denotes the shape operator with respedt to

The second fundamental form af with respect to tfTM) is defined by

WX, Y)=h(X,Y)+h%X,Y), X,Y e (TM). (10)

Let L andS denote the projection morphism of M) on Itr(TM) andS(TM™1), respec-
tively. In (9) we have

DLV = L(VYV), DSV =S(VLV) VX e (TM) VV e I'(tr(TM)),
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whereV!, stands for the transversal linear connectiondnThe transformation®' and
DS do not define linear connections o(EM) [4, p. 27], but define two Otsuki connections
on tr(TM) with respect to the vector bundle morphismands.

Since the submanifold! is isotropic, the lightlike second fundamental fokhvanishes
identically onM [4, p. 157].

Define theC > (M)-bilinear mappingsp' and DS by

D': F(TM) x I (S(TMY)) — C(tr(TM)), (X, SV — D'(X, SV = DL (S
and

DS: [(TM) x ['(Itr(TM)) — I'(S(TMY), (X, LV) > DS(X, LV) = DS.(LV).
Then we have

VxN = —AyX + Vi N + DS(X, N), (11)

VxW = —AwX + VSW + D'(X, W), (12)

wherevsandV! are linear connections g TM+) and It TM), respectivelyX € I'(TM),
N e I (tr(TM)) andW e I'(S(TM1)).

As shown in [4, p. 166} is totally geodesic if and only iD'(-, W) = O forall W ¢
T(S(TML)).

A direct computation shows that, for &@ll € I'(TM), V, V' € " (tr(TM)) we have

(Vi(V, V) = —@(AvX, V) + g(Ay: X, V), (13)

so that the transversal linear connecti@non tr(TM) is not metric in general.
The first transversal space ate M of the isometric immersiory is defined as the
subspace

Ti(x) = sparfh®(X,Y), X, Y € I'(T:M)}.
For the proof of theorems, we need the following two lemmas.

Lemma 1. If the transversal linear connectio¥! on tr(TM) is metrig then Ay = O for
all W e I'(S(TMY)).

Proof. Due to Eq. (13)V! is metric, if and only ifAy is I'(S(TM))-valued for allW e
I'(S(TM1)). The lemma follows from the fact thaf being isotropicS(TM) = {0}. O

Lemma2. Foranyx € M, the first transversal spack (x) has the characterizatign

Ti(x) ={V =W + N € I'(tr(TM)), D'(-, W) = 0}. (14)

Proof. BecauseV is a hon-totally geodesic isotropic submanifoldiéf Lemma 2 shows
thatTy is not trivial, that isTy (x) # {0}, forall x € M.
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LetV = h3%(X,Y), X, Y € I'(TM), be a generic element @ (x) andU € A(x)" with
A(x) :={V =W+ N e Ctr(TM)), D' (-, W) = O}+,
then
g, V) =gh%X,Y), W+ N) = g(AwX.¥) — g(¥, D'(X, W)) =0,
where we use Lemma 1 and the definitionAgf). Thus,
VeTix) & g(V,U)=0 YU € A(x)" & V e (A)DH)*T = A®),
soT1(x) = A(x). O

3. Proof of theorems
3.1. Proof of Theorem 1

Firstof all, note thaP is avS-parallel subbundle of constant rapkf the bundles (TM-+)
implies that

ViWeP VX el (TM) VW € I'(P).

Then consider as usual the three cases0, ¢ > 0 andc < 0.

3.1.1. Case =0

Forxg € M, we prove thatf (M) C T,,M & P(xo). Let u be a section of the comple-
mentary orthogonal bundle &f in S(TMY), y : I — M aregular curve oM andp; the
parallel transport oft alongy .

SinceP is parallel inI"(S(TM%Y)), so is its orthogonal complementaBy/- in the sub-
bundlel" (S(TM+)) and

=V e F(Pyl(t)) Vi e l.
Using Weingarten formula, we have

Vs = =Auy' + D' ) + V.
But

i € T'(Pyy) C T(S(TMY) Vi el

Lemma 1 yields4), = Oforallr 1.
Moreover,u; € P)}(,) C T1(y(¢)) from assumption of the theorem. So Lemma 2 gives

D' ) =0 Vtel.

And because, is the parallel transport i~ of . alongy, we havevj,p,t =Oforallt
inl.
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We deduce tha‘ﬁ),/u, = Oforallz € I, so thatu; = u is a constant vector iR"*+7.
Hence

%é(f(y(t)) — f(x0), w) = g(fiy' (), ) = 0.
We conclude that
gfy(®) — f(xo),u) =0 Vrel
and
fy@®) = fxo) € (Pyy)™ = Pyy Vi€l
Due to the fact thay andu are arbitrary onV, we have
(M) C Tyy(M) & P(x0) = R"™,

which is a totally geodesi@: + ¢)-dimensional subspace &f'+7.

3.1.2. Case >0
The isotropic submanifolds” is isometrically immersed into a pseudosphﬁfé”’.
Consider the isometric immersion,

f:iof:M” _)Rn+p+l’

where the map is the natural injection o/ ™” into R"*7+1. Then
tr(Te M) = tr(Te M) @ (f (x))

with
(f()) C S(TM*),

where(f (x)) := Spar{ f(x)}.
We deduce that

T1(x) C T1i(x) ® (f(x)) C P(x) ® (f(x)) = P(x).
And then
Ti(x) € S(MY) @ (f(x)) = S(TMY) Vxe M.

The orthogonal complementary of(x) in S(fMl)~and of P(x) in S(TMY), which is
parallel w.r.t. the transversal screen connectin= V®|g ), are equal, and

VSW = DSW = DX, W) VYW e ['(T(S(TM1))).
Thus

gV ), W) = g(DS f(x), W) = Xg(f(x), W) — §(f(x), V3 W) =0



8 C. Atindogbe et al./Journal of Geometry and Physics 42 (2002) 1-11
and therefore
Vi f(x) € (f(x)

and(f(x)) is a transversal vector subbundle who is parallel w.r.t. the connevfiolve
conclude thatP is parallel w.r.t.vs, and as in the case= 0, we have

f(M) C TyyM @ P(x0) = Ty (M) ® P(x0) ® (f(x0)) = R"I+L,

So f(M) C SitP nRrtatl = 219 which is totally geodesic s 7. This proves the
casec > 0.

3.1.3. Case <0

The general scheme holds as for 0. Now f mapsM” into L"*tP+1, the Lorentzian

spaceR’ 7! and we get that

FM) C TiyM @ P(x0) = Tey(M) & P (x0) ® (f (x0)),
where f (x) is spacelike. Then

f) c Lttt
and

F(M) Cc HITP nLrtatt = gite

andM admits a reduction of codimension, which completes the proof.
3.2. Proof of Theorem 2

We haveTy(x) C (S(TMY)) Vx € M. To prove thaffy is parallel, we will prove that its
orthogonal complementary i (S(TM1)) is parallel. So, ify € T;-, we have to prove that

Vin e Tt VZ e (TM),

l.e.

gh3(X,Y), Vo) =0 VX,Y,Z e I'(TM). (15)
Set

n=N4+W, NeI(tr(TM), W e I'(S(TMY)),
then

g(h3(X, Y), Vgn) = g(Avsn, ¥) — 2(¥, D'(X, W)).
But using Lemma 1, we have

Vn € I'(S(TMY) = Ays, =0
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and
n=N+WeTi = DX, W)=0.
We deduce that
gh3(X,Y), Vo) =0 VX,Y,Z e I'(TM)

and therV$n e T;* so thatv; is parallel w.r.t. the connectiod®. This proves Theorem 2.
As a consequence of the two theorems, we have the following:

Proposition 1. A necessary and sufficient condition for the isotropic immergiod/" —
M!I'P n < p to admit a reduction of codimensipis that the isotropic immersion is
1-regular of constant rank,qand the substantial codimension is q
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Appendix A

These ideas are illustrated through the following example.
SupposeM is a surface oRR3, Euclidean spac®&> with a semi-Euclidean metrig =
diag(—1, -1, +1, +1, +1), given by equations,

1 . 1 .
xt = —(x* + sinhx®), x% = —(x*— sinhx®), x2=coshx®

V2 V2

4

and sefu = x*, v = x®) a system of coordinate ai. We derive the following:

TM = Spariés, &2}

with
d 1 0 1 0 ad
§1=£=72@+ﬁm+@,
d coshw® 3  coshx® @ 5 3
S N B TV R T P e
and
TML=Span{U1=§1, Up = &, U3=i+———sinhx5i}.
0x3 /2 0x* 9x°

It follows that RadTM) = TM ¢ TM* andM is an isotropic surface dﬁg.
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The subbundlé&(TM1) is a complementary vector bundle of R&¥) in TM-. We take
(there is no unicity),

sinhx® 9 sinhx® 9

V2 axt 2 ax?

3
S(TMY) = Span{ Wy = + coshfﬁ} .

A.1. Construction oftr (TM)

A basis{N1, N») of Itr(TM) on a coordinate neighborhodflsatisfies:
g(Ni, Nj) =0 Vi, je{l 2}, g(&1, N2) = g(&2, N1) =0,
g(N1, 61) = §(N2,&2) = 1. (A1)
Using (A.1) we obtain that
Itr (TM) = Spar{N1, N2}

with
VYA S I S
1732 V2oxt  20x2  9x4)’
1

Ny — coshx® 9 +coshx5 3 5 ) 3
272 J2  axt V2 0x2 ax3 x>

and deduce that

tr(TM) = Itr(TM) & RadTM) = SparfWi, N1, No}.
A straightforward calculation gives

Ve, €1 = Vi b2 = Vi1 = 0, Vi,b0 = Wi

We deduce tha¥ is not totally geodesic ifR3.
Moreover we have for alk, Y, € I'(TM), X = X'&,Y = Y/§&;,

VxY =VxY +h%X,Y)
=[(X ' E D) + X2 EH)E+HX G D))+ X2 (E(Y D)) E]+ XYWy
and
h3(X,Y) = g(X, N2)g(¥, N2) W1.
So that
h3 (&2, 62) = 1. (A.2)
From (A.2) we infer that

Ti(x) = Spah®(X,Y), X, Y € (T, M)} = S(TeM™Y),
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which is of constant rank = 1 for all x € M. From above and propositio admits
a reduction of codimension to 1, that is there exists a totally geodesic three-dimensional
submanifold oﬁRg into which M can be isometrically immersed.
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